The nonlinear scattering and stability results of Soffer and Weinstein (Comm. Math. Phys. (1990)) are extended to the case of anisotropic potentials and data. The range of nonlinearities for which the theory is shown to be valid is also extended considerably.
1. INTRODUCTION We consider the initial value problem for the nonlinear Schriidinger equation (NLS) n+2 l<m<-n-2 (1.1) @(x, 0) = so(x) E H'(R").
In [Sof-Wei] we developed a nonlinear scattering and stability theory of NLS with dynamics characterized by the interaction of a single nonlinear bound state channel with a dispersive channel. We showed that a class of small solutions (including any solution in a sufficiently small neighborhood of a small amplitude nonlinear bound state) decomposes into a sum of two terms: (1) a nonlinear bound state with modulating (time-varying) energy, MULTICHANNEL NONLINEAR SCATTERING, II 377 E(t), and phase, r(t), and (2) a term, b(t), which disperses to zero with free linear dispersion rates. The collectiue coordinates E(t) and r(t) satisfy modulation equations and have the form of a system of ordinary differential equations perturbed by interaction terms of the infinite dimensional dispersive channel. In the infinite time limit, t -+ + co, the energy and phase tend to asymptotic limits E' and y *. Nonlinear bound states are found to be asymptotically stable in the sense that in response to a small perturbation, the solution will conoerge in Lp (p > 2) to a nonlinear bound state of possibly different energy and phase. The results, for n 2 2, of [Sof-Wei] required (a) restrictive hypothesis on the range of nonlinearities and (b) that the potential V and the data Q0 be symmetric about some common origin of coordinates. In this paper we extend our results for n > 3 to the case of anisotropic potentials, anisotropic data, and remove certain unnatural restrictions on the range of nonlinearities. The main new ingredient in the analysis is the use of recently obtained Lp decay estimates (p>2) for eicPd+ 'If [JSS] . For a discussion of previous results on nonlinear scattering (in the absence of bound states or for completely integrable equations) and stability (in the sense of Lyapunov) with references see the introduction to [ Sof-Wei] .
Notation
All integrals are assumed to be taken over R" unless otherwise specified. %2(z) and 3(z) denote, respectively, the real and imaginary parts of the complex number z A = Laplacian on L2(R") (x)=(l+x.~)l'~ where XER" (f, g) = Jf*g, wheref* denotes the complex conjugate off
C(I; X) = the space of functions, u(t, x), which are continuous in t, with values in the space X.
BACKGROUND AND STATEMENT OF RESULTS
The well-posedness theory of NLS (see, for example, [GV] and others cited in [Sof-Wei] ) implies that given initial data @,, E H'(R"), there exists a unique local solution @ E C( [0, T,,,); Z-Z'(R")), where either T,,, = + co or lim sup IlV@(t)llL2 = + co.
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Furthermore, during the time interval of existence the following functionals remain time-independent on solutions:
JcvI= j Id2dx. 
II@IIw
The requirement of a "single bound state channel" interacting with dispersion is captured in our last hypotheses on V(x): (V4) HE -A + V(X) acting on L*(R") has exactly one negative eigenvalue E, < 0, with corresponding L2 normalized eigenfunction $, .
Nonlinear bound states (also termed solitary or standing waves) are finite energy, localized solutions of the form @(x, 2) = t+bE(X) ciE'++, (2.5) where
A consequence of (V4) is the existence of a two-parameter family of nonlinear bound state solutions to NLS of the form (2.6) which bifurcate from the zero solution at energy E, (see Section 2.2 in [Sof-Wei] and others cited therein). Its properties are summarized in THEOREM 2.3, For 1> 0, let E E (E,, 0) and for I < 0, let E < E,. Then, there exists a solution tiE of (2.5) such that for s B 0
The function E H llttQEjl nS is smooth for E # E,, and
II $4 HS = 0, i.e., the solution tiE( .) eiY, whose parameters lie in the cylinder (E,, O), x S: (,I > 0) or ( -CD, 0),x S: (A < 0), bifurcates in H" from the zero solution at E = E, . Furthermore, if E lies in a sufficiently small neighborhood of E,, we havefor keZ+ ands>O il(x>k ~EllHS~Ck,s,nIIICIEll"9 II(X)k~~~~II~~~~k,s,nIE-E*I~l II$EIIw.
We prove the following:
THEOREM 2.4 (Scattering). Let n > 3 and assume
There is a continuous function o: E H o(E), E E I,,, (where Z,, denotes a real open interval with endpoints E, and E, + sgn(l)q, and n sufficiently small, and an open cone-like region of the form %J= u (feH":
%E L'(R') (so that lim y(t) = y * exists), I-&cc and Mt)llm+ 1 =0((t)-'-") as ItI -+ co.
In the proof below, as well as in [Sof-Wei], we work under the hypotheses:
(i) There is a number 6, such that II@,Jl,, < 6,,
(ii) min,, II% -eVEI H1y subject to the constraint (eie+., Q0 -eietiE) = 0 has a non-zero solution $,,,e'@, i.e., E0 # E,, and (iii) V(x) + LI$Eolm-' satisfies the nonresonance condition (V3).
As explained in [Sof-Wei] , the nonresonance condition is generally satisfied. It is also shown that assumptions (i) and (ii) hold at least for all CD,, in an open cone-like region with vertex at the origin, described above. Thus, w(E) may tend to zero as E + E,.
The following is a related asymptotic stability result showing that data near a nonlinear bound state of energy E, and phase y,, decays (via dispersion) as t + f co to a nearby nonlinear bound state of energy E* and phase y +. 8~ 'E(s)ds-y(t) s 0
Here, $E denotes the ground state of (2.5),
H(E)~,=(-d+Y+11~,1"-')11/,=E~,
forEE(E*,O)ifA>OandEo(-co,E*)if1<O,where
Orthogonality Condition and (3.3)
Note that this orthogonality condition implies that for all t, d(t) E Range(P,(K)), the continuous spectral part of a fixed Hamiltonian, K. As in [Sof-Wei, Section 31 after substitution of (3.1) into NLS and imposing (3.3) we obtain the coupled system: and F2,nl is a term that is nonlinear in Q such that
where IA(s)1 is bounded for s bounded, IA(s)l + 0 as s + 0, and c is independent of II/ and 4. Equations (3.4)-(3.5) comprise a coupled system for the interacting dispersive, (3.4), and bound state, (3.5), channels.
To prove Theorem 2.4 and Theorem 2.5 it will suffice to obtain a priori bounds on & 3 and 4(t) in suitable norms. This is carried out in the next section.
A PRIORI ESTIMATES OF SOLUTIONS TO THE COUPLED CHANNEL EQUATIONS
With a view toward obtaining a priori estimates on the solution of (3.4k(3.5) we first rewrite (3.4) as an integral equation:
Here, U(t, s) denotes the propagator associated with the flow
+I(E,)-E,)u+(E,-E(t)-f(r))u(t)
(4.2) 4s) =f, that is,
In this section we estimate the coupled channel equations and show that for E near E, and tie small, in a precise sense, 4(t) is dispersive and E(t), r(t) have asymptotic limits as t + + co. Our aim is to obtain a closed system for the local decay norm II (x> --D 4(t)llz and IM(t)ll,~ for SOme 4 > 2.
In the proof the following dimension-dependent number arises. Let m,(n) denote the positive root of the quadratic equation Note that m, (3) = 2, and that m,(n) is decreasing with increasing n, for n > 3.
Estimation of IlqS(t)llLm+I
Using (4.1), the specific form of F(s) as detailed in (3.6~(3.7), and the decay estimates of Section 2 we have, for q-' + p-' = 1, q > 2: 
Estimation of(V)
Il141rnllp= ll411,7n.
(4.9)
It is clear from our estimates of (I)-(V) that a natural choice of Lq norm is one for which q = mp, or since p-' + q-l = 1, we have q = m + 1. Note that with this choice of q, the exponents r and p above are well defined and positive so long as m 2 2.
We shall proceed by deriving a priori decay estimates for II& t)ll 4 and II (x> -O 4(Oll2~ on some finite time interval ItI < T. To obtain a closed set of coupled inequalities we must estimate Il4(t)ll 2, as well. The decay rates of IlWll, and Here, n > 3. When convenient, we shall write Mj instead of Mj( T). Using the above estimates in (4.4) we obtain
x(M,(T)+M:(T)+M~(T)).
(4.10)
Convergence of the time integral in (4.10) is controlled by the condition m(n/(m + l)-(n/2)) > 1 which holds if m >m,(n). Here, C, depends on suprema over Jtl < T of tiE(,) and JIE, dependent coefficients appearing in the above estimates of (I)-(V). C, has the property that C, JO as E + E,. Multiplication of both sides of (4.10) by (t)("'*)-@l9) and taking supremum over I t) < T yields
where CbJO as E+ E,. We set (n/2) -(n/r) = 1 + E, and observe that E is positive provided r>2n/(n -2). We let r= r(6)=2n/(n-2)+6, with 6 >O. Thus, s(S)JO, and r(6) J2n/(n -2) as 6 JO. Using further that where O(6) JO as 810, the integral (B5) now becomes We estimate Il~(t)llz directly from the equation for O(t), (3.4). To do this, we multiply (3.4) by #*, take the imaginary part of the resulting equation and then integrate over all space. This gives, The form of F('(t), as displayed in (3.6)-(3.8), and previous estimates of this section can be seen to imply, for ItI < T, $ I14(fN:<C<Wr WY+'(T)+M:(T)). Therefore, (4.12), (4.18), and (4.19) comprise a closed coupled system of inequalities for Mj( T) j = 1,2, 3. M,(T) can be eliminated from (4.18), using (4.19). By an argument presented in Section 5.3 of [Sof-Wei] we now can obtain the assertions of Theorem 4.1 and the proof is complete.
The proofs of Scattering Theorem 2.4 and Asymptotic Stability Theorem 2.5 are a consequence of Theorem 4.1 and the discussion of scattering theory in section 6 of [Sof-Wei] .
